Abstract-This paper discusses a class of linear programming problems with interval coefficients in both the objective functions and constraints. The noninferior solutions to such problems are defined based on two order relations between intervals, and can be found by solving a parametric linear programming problem. Considering the uncertain returns of assets in capital markets as intervals, we propose a model for portfolio selection based on the semiabsolute deviation measure of risk, which can be transformed to a linear interval programming model studied in the paper. The method is illustrated by solving a simplified portfolio selection problem.
I. INTRODUCTION

I
N A conventional mathematical programming problem, the coefficients in the objective function and the constraint functions are always determined as crisp values. In practice, however, there are many decision situations where the objective functions and/or the constraints are uncertain to some degree. Over the last two decades, interval programming based on the interval analysis has been developed as a useful and simple method to deal with this type of uncertainty.
Linear programming problems with interval coefficients have been studied by several authors, such as Bitran [1] , Steuer [2] , Ishibuchi and Tanaka [3] , [4] , Nakahara et al. [5] , Chanas and Kuchta [6] , and Gen and Cheng [7] . By introducing some preference relations between interval numbers, Ishibuchi and Tanaka [3] , [4] studied linear programming problems with interval coefficients in the objective functions. Based on those preference relations, they transformed the linear programming problem with interval coefficients in the objective function into a standard biobjective optimization problem. In this paper, we concentrate on the linear programming problems in which both the coefficients of the objective function and the coefficients in the constraints are all intervals. We were motivated to study this class of linear programming problems by portfolio selection [8] .
In 1952, Markowitz [9] published his pioneering work that paved the foundation for modern portfolio analysis. Since then, many portfolio selection models have been proposed. Most of the existing portfolio selection models are based on probability theory. Though probability theory is one of the main tools used for analyzing uncertainty in finance, it cannot describe uncertainty completely since there are some other uncertain factors that differ from the random ones found in financial markets. Some other techniques can be applied to handle uncertainty of financial markets, such as, for example, possibility theory. Recently, a few authors such as Tanaka and Guo [10] and Inuiguchi and Ramik [11] have studied portfolio selection models based on possibility theory. While using this type of model, it is assumed that the distribution functions of possibility returns are known. However, in reality, it is not always easy for an investor to specify them. Hence, at least in some cases, it is a good idea for the investor or some experts to determine the uncertain returns of assets as intervals.
In this paper, we propose an interval semiabsolute deviation model for portfolio selection.
We organize this paper as follows. In Section II, we recall several basic concepts of interval analysis and quote two order relations that represent the decision-maker's preference between intervals. In Section III, based on the two order relations, we propose an interval linear programming problem. The solution set of the problem can be determined by solving a parametric linear programming problem. As an application of the model, we discuss a portfolio selection problem in Section IV. Some concluding remarks are finally given in Section V.
II. BASIC OPERATIONS AND TWO ORDER RELATIONS OF INTERVALS
Denote the set of all the real numbers by . An ordered pair in a bracket defines an interval as (1) where is the left limit and is the right limit of interval , respectively.
The extension of ordinary arithmetic to intervals is known as interval arithmetic. For a detailed discussion of this topic, refer to [12] and [13] . First, we quote a basic concept as follows.
Definition 2.1 [13] : Let be a binary operation on . If and are two intervals, then (2) defines a binary operation on the set of all the intervals. In the case of division, it is always assumed that . The operations on intervals used in this paper are as follows: (3) 1063-6706/02$17.00 © 2002 IEEE (4) for for (5) where is a real number. An interval can be viewed as a special fuzzy number whose membership function takes value 1 over the interval and 0 anywhere else. It is clear that the aforementioned three operations on intervals are equivalent to the operations of addition, subtraction, and scalar multiplication of fuzzy numbers via the extension principle. Rommelfanger et al. [14] investigated the interval programming problem as a fuzzy programming problem.
The following definition will be used to formulate the linear interval programs.
Definition 2.2 [3] , [4] : Let and be two intervals. We define the two order relations and between intervals and as i if and only if and (6) if and only if and (7) ii if and only if and (8) if and only if and (9)
III. PROBLEM FORMULATION AND SOLUTION METHOD
Consider the following linear programming problem with intervals (ILP): (10) The interval coefficient of the objective function denotes the uncertain return, the interval coefficient of the constraint denotes the uncertain cost and the interval on the right hand of the constraint denotes the uncertain total resource. Thus, (ILP) is a problem in which the objective is to maximize the uncertain return under some uncertain constraints, where the uncertainty is described by interval numbers.
The constraints , denote that the feasible solution to (ILP) is a solution such that the average costs and the costs in the worst case scenario are less than or equal to the average value and the maximal possible value of the uncertain resources, respectively. Definition 3.1: A feasible solution is said to be a noninferior solution to (ILP) if and only if there is no other feasible solution such that (11) Clearly, the center of an interval is the expected value of that special fuzzy variable. While an interval denotes the uncertain return, the pessimistic return is denoted by the interval's left limit. While the interval denotes the uncertain cost, the pessimistic cost is denoted by its right limit. The previous interval programming model can be viewed as a combination of the fuzzy expected value model and the pessimistic decision model. One can refer to [15] , [16] , and [17] for a detailed discussion on the fuzzy expected value model and the concept of the pessimistic value of fuzzy variables.
By Definition 3.1, the noninferior solution set of (ILP) is equivalent to the noninferior solution set of the following biobjective program: (12) By [18] and because (13) the noninferior solution to (BLP) can be generated by solving the following parametric linear programming problem: (14) where is a parameter. From the aforementioned discussion, it is clear that we can obtain the noninferior solutions of the interval linear programming (ILP) by solving the parametric linear programming problem (PLP ) with respect to different . Linear programming algorithms, such as the simplex method, can be used to solve this parametric linear programming problem efficiently.
IV. AN APPLICATION TO PORTFOLIO SELECTION
In this section, we apply the method proposed in the previous section to portfolio selection.
Konno and Yamazika [19] used the absolute deviation risk function to replace the risk function in Markowitz's mean-variance model and formulated a mean absolute deviation portfolio optimization model. The model can realize the intention of Markowitz's model by solving a linear program instead of a quadratic-programming problem. Based on a variant of Konno and Yamazika's model, Sepranza [20] and Mansini and Speranza [21] used the deviation of the portfolio return below the average as the risk and formulated a semiabsolute deviation portfolio selection model.
The input data of the semiabsolute deviation portfolio selection model are historical returns and expected returns in the future. The arithmetic means of historical returns are considered to be the securities' expected returns in the model. However, this is not always the best in practice. If the historical data on a security are not enough, one cannot accurately estimate the statistical parameters due to data scarcity. If the recent historical returns of a security are increasing or we believe that the returns of this corporation's stock will increase based on the corporation's financial report, then the security's expected return should be larger than the arithmetic mean based on the historical data. Although the security's expected return security cannot be estimated accurately, we can assign the arithmetic mean to be the lower limit of the security's expected return. Based on the corporation's financial report, we can estimate the upper limit of the security's expected return.
Assume that an investor wants to allocate his/her wealth among risky securities with a tendency to rising prices based on recent historical data or the corporation's financial report and a riskless asset offering a fixed rate of return. Denote as the proportion of the total investment devoted to the risky security ,
. Denote as the proportion of the total investment devoted to the risk-less asset. Assume that short selling is prohibited. Thus and (15) where is the upper bound of the proportion of the total investment devoted to the asset .
Suppose that the data are observed for the risky securities over time periods. Let be the rate of return of risky security at period , . Since the risky securities having a tendency to rising prices, the range over which the expected return of security can vary may be represented by the following interval: (16) where can be estimated by investors based on the corporation's financial report.
Denote as the rate of return of the risk-less asset . The interval over which the expected return of portfolio can vary is represented as (17) If the expected returns of securities are accurately estimated, the semiabsolute deviation of the return of portfolio below the expected return at the past period , can be represented as (18) where is the expected return of security . For a detailed discussion, refer to [20] and [21] .
Because we only obtain the variational interval of the security's expected return, we may only obtain the range of the semiabsolute deviation of the return of portfolio below the expected return over the past period , . This can be written as the following interval: (20) . This completes the proof.
We can use the maximal interval to measure the risk of portfolio By Proposition 4.1, the risk of portfolio can be expressed by . Suppose, as is reasonable, that the investor wants to maximize his or her portfolio return under some given level of risk. For a given tolerance interval [ ] of risk, the mathematical formulation of portfolio selection problem is shown (34) at the bottom of the next page.
Remark 4.1: and are two given constants: represents the tolerated risk level when the expected returns are predicted pessimistically, while represents the tolerated risk level when the expected returns are predicted optimistically.
Clearly, (PILP1) can be transformed equivalently into (35), as shown at the bottom of the next page.
(32) To show the method proposed in the previous section, we discuss a simplified problem: an investor decides to invest his or her wealth among six stocks in the Shanghai Stock Exchange and a risk-less asset. The names of the six stocks are given in Table I . We collect historical data of the six stocks from November 1998 to November 2000. The data are downloaded from the website www.stockstar.com. Then, we use two months as a basis period to obtain the historical returns over twelve periods, which are given inTableII.Thereturnoftherisk-lessassetis0.004in thisexample.
Because the Shanghai Stock Exchange is very young, the arithmetic means are not good estimates of the actual returns that the investor will receive in the future. Based on the corporations' financial reports, we can estimate the interval of expected returns of the six stocks. The upper and lower bounds of the intervals are listed in Table III .
In this example, we assume that there is no limit on the investment proportions for the six stocks or the risk-less asset, i.e., , . By the method proposed in the previous section, we can solve the parametric linear programming problem shown in (36) at the top of the next page, where is a parameter. We solve the parametric linear programming problem (PILP3) with the LINDO software. Investment strategies under some different risk levels are obtained. Furthermore, we may compute the corresponding return intervals of the portfolios. These alternatives are generated in Table IV. In the eight alternatives, the alternative (0.000, 0.017, 0.000, 0.103, 0.0017, 0.042, 0.821) is a better investment strategy for an investor with a conservative and pessimistic mind. better investment strategy for an investor with an aggressive and optimistic mind. If the investor is not satisfied with any of the alternatives generated, more alternatives can be generated by varying the values of , and .
V. CONCLUSION
In this paper, we discuss a class of linear programming problems with interval coefficients in both the objective functions and the constraints. The noninferior solutions based on two order relations between intervals to such a problem can be generated by solving a corresponding parametric linear programming problem. Taking the uncertain returns of assets in a financial market as intervals, we generalize the traditional semiabsolute deviation measure of risk of portfolios to the interval case. Based on this risk measure method, we propose a new portfolio selection model that can be transformed to a linear interval programming model studied in the paper. 
